Recursion and Iteration

Examples of Tasks from ©2009 Course 3, Unit 7
Getting Started
The tasks below are selected with the intent of presenting key ideas and skills. Not every answer is
complete, so that teachers can still assign these questions and expect students to finish the tasks. If you
are working with your student on homework, please use these solutions with the intention of increasing
student understanding and independence. A list of questions to use as you work together, prepared in
English and Spanish, is available. Encourage students to refer to their class notes and Math Toolkit entries
for assistance.
As you read these selected homework tasks and solutions, you will notice that some very sophisticated
communication skills are expected. Students develop these over time. This is the standard for which to
strive. See Research on Communication.
The Discrete Mathematics page or the Scope and Sequence (2nd edition) might help you follow the
conceptual development of the ideas you see in these examples.
Main Mathematical Goals for Unit 7
Upon completion of this unit, students should be able to:
•

use iteration and recursion as tools to represent, analyze, and solve problems involving sequential
change.

•

formalize and consolidate previous study of NOW-NEXT rules, particularly through the use of
subscript notation and the introduction of recursive formulas.

•

understand and apply arithmetic and geometric sequences and series.

•

understand and apply finite differences tables.

•

explore function iteration and, in the process, informally introduce function composition.

•

understand and apply recursive formulas, particularly combined recursive formulas of the form
An = rAn – 1 + b.

•

review linear, exponential, and polynomial models from a recursive perspective.

What Solutions are Available?
Lesson 1: Investigation 1—Applications Task 1 (p. 468), Applications Task 2 (p. 469),
Review Task 24 (p. 480)
Investigation 2—Connections Task 8 (p. 473), Connections Task 10 (p. 474),
Extensions Task 16 (p. 476)
Lesson 2: Investigation 1—Applications Task 2 (p. 499), Applications Task 3 (p. 500)
Investigation 2—Applications Task 6 (p. 501), Connections Task 13 (p. 504),
Extensions Task 21 (p. 508), Review Task 26 (p. 511),
Review Task 27 (p. 511)
Investigation 3—Applications Task 7 (p. 501)
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Lesson 3: Investigation 1—Applications Task 2 (p. 523)
Investigation 2—Connections Task 10 (p. 525), Connections Task 11 (p. 526),
Extensions Task 19 (p. 529)

Selected Homework Tasks and Expected Solutions
(These solutions are for tasks in the 2nd edition book—2009 copyright.
For homework tasks in books with earlier copyright dates, see Helping with Homework.)

TECHNOLOGY NOTE
Students should use spreadsheet software, CPMP-Tools, or graphing calculators for many of these tasks.

Lesson 1, Investigation 1, Applications Task 1 (p. 468)
a. A plausible recursive formula could be Cn = 0.85Cn – 1 + daily dosage, C0 = 3.
•

Students should use appropriate technology to experiment numerically with different daily
dosages to find one that yields a long-term level between 1 and 2 ppm.

•

Students might use other formulas from their work in Problems 3–5 of Investigation 1
(pages 460–461). In Problem 4 for example, the population will level out when the restocking
amount is the same as the amount lost due to the decrease rate. Thus, the long-term population
must be a number L such that D • L = A, where D is the decrease rate and A is the regularly added
amount. In this Applications task, if the daily dosage is between 0.15 and 0.30 ppm, the long-term
chlorine concentration will be between 1 and 2 ppm. For example, a daily dosage of 0.2 ppm will
yield a long-term concentration of 0.20 , or approximately 1.33 ppm.
0.15

b. To be completed by the student. They should use appropriate spreadsheet technology for this
problem.
c. To be completed by the student.

Lesson 1, Investigation 1, Applications Task 2 (p. 469)
The amount of money Cora incurred by Plan I at age 65 is $337,027.
This can be obtained using the ANS functionality on a calculator. Set
up the calculator as in the screen on the right and then hit
10 times to find Cora’s amount at the end of 10 years. She will have
approximately $31,567. (The remainder of the solution should be
completed by the student.)
Plan II to be completed by the student.

© 2011 Core-Plus Mathematics Project. All rights reserved.

2

Recursion and Iteration

Lesson 1, Investigation 1, Review Task 24 (p. 480)
a.

12x2 +4x = 4(3x+1) ; This original fraction is undefined only when x = 0 because when x = 0, the
3x
3
denominator is zero. Division by zero is undefined. The simplified form is 4(3x+1) for all real
3

numbers including x = 0.
b–d. To be completed by the student.

Lesson 1, Investigation 2, Connections Task 8 (p. 473)
a.

i. The monthly rate is 2.5 ≈ 0.20833%.
12

ii. At the end of the year, you will have $1(1.002083312) ≈ $1.03.
b–d. To be completed by the student.

Lesson 1, Investigation 2, Connections Task 10 (p. 474)
Hint: Students should use the matrix capabilities of their calculator or CPMP-Tools to multiply matrices
for this task.

Lesson 1, Investigation 2, Extensions Task 16 (p. 476)
a, c, d. To be completed by the student.
b. What family of functions does the graph shown in Part a most closely resemble? It may not be
obvious, but it is an exponential function. To be more convinced, you need to do some
transformations! If the plot is transformed by first reflecting it across the x-axis and then translating it
up 5,000 units, the graph looks like a standard exponential decay model of the form y = a(bx), where
0 < b < 1. The original and transformed data are shown.

This modification to the lists can be completed by letting L3=-L2+5000. Finding the exponential
regression equation for L1,L3 gives y = 2,000(0.8x) + 5,000.
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Lesson 2, Investigation 1, Applications Task 2 (p. 499)
a. Arithmetic sequence is the best choice because it appears the sequence is generated by addition with
the added constant being approximately 4; that is to say, for each temperature increase of one degree,
the frequency of chirps increases by 4. Another way to determine this is to plot the data
(temperature, frequency). The graph appears to be linear, which indicates an arithmetic sequence.
i. The recursive formula is Cn = Cn – 1 + 4.

b.

ii. We want to find C75 = ? . If we start with C60 = 80, then we need 15 more iterations to get to
C75. Each iteration represents 4 chirps, so C75 = C60 + 15(4) = 80 + 60 = 140.
e. Because this is an arithmetic sequence, the function formula will be linear which is the form
y = mx + b. So, the goal is to find values for m and for b. m is the slope or rate of change, which is
4 chirps for each degree. Finding b means to find C0, the initial value. One method to find b is to go
back 45 iterations from C45 = 20 recursively. Another more efficient method is to solve y = 4x + b for
b using known values for one piece of data (x, y) such as (45, 20). The remainder of the solution is
left to the student.
c, d, f. To be completed by the student.

Lesson 2, Investigation 1, Applications Task 3 (p. 500)
a. The goal is to find the area of the triangle when n = 0 and see how the area is changing for each
successive figure.
•

A

For an equilateral triangle, the altitude to a base
intersects the base at its midpoint. So, if one side of
the triangle is 1 unit, you can find AM using the
Pythagorean Theorem, AM =

2

(2)

1– 1

1

1

. Recall that

the area of a triangle is 0.5(base)(height). So, the

( )

area becomes 1 1 ( 3 ) = 43 .
2 2
•

C

1
2

m

B

What is the area for the next iteration? For n = 1, the area of the triangle is the area of the
previous triangle (n = 0) reduced by a quarter of that area. So, the second triangle has threequarters of the area of the first triangle. This continues for n = 2, n = 3, and so on. Thus, the
recursive formula is An = 3 An – 1, A0 = 43 . The function formula is left for the student.
4

b. To be completed by the student.
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Lesson 2, Investigation 2, Applications Task 6 (p. 501)
This task requires students to use the formulas developed in this investigation. Students will also need to
determine the number of terms in the series. They may do this by solving equations or by computing and
counting terms. The formulas should be in student notes but they are repeated below in words and in
algebraic notation. (See Summarize the Mathematics Parts b and c on page 494.) Thinking of these sums
in words helps reduce the confusion that may occur when the subscript of the initial term is 0 or another
number other than 1.
Sum of an Arithmetic Series
In words: the average of the first and last term times the number of terms in the series
In algebraic notation: a0 + a1 + a2 + a3 + … an =
number of terms in the series.

( a +a
2 )(n + 1), where n + 1 is the
0

n

Sum of a Geometric Series
(numberof termsintheseries) –1⎞

In words: (initialterm) ⎛ (commonratio)
⎝
commonratio–1

⎠

(

)

n+1
In algebraic notation: a0 + a1 + a2 + a3 + … an = a0 r –1 , where r = an and
r–1
an–1
n + 1 is the number of terms in the series.

a. This sequence is a geometric sequence. Like all geometric sequences, it can be generated by an
exponential function formula in the form f(n) = a(rn).
a is the value when n = 0, which is f(0) = a.
r is the common ratio found by dividing a term by the previous term.
The sequence generated by this function (starting with n = 0) will have n + 1 terms.
So in this case, our function formula is f(n) = 13(2n), where n + 1 is the number of terms in the
sequence. To find the number of terms in the sequence, use the last term of the sequence in the
formula and solve for n.
6,656 = 13(2n)
512 = 2n
9 =n
This then tells us there are n + 1 = 10 terms in the sequence (remember the initial term is f(0) = 13).

( 2–1 )

10
So, the sum of the series 13, 26, 52, 104, … , 6,656 is 13 2 –1 = 13,299.

b. This is an arithmetic sequence. Like all arithmetic sequences, it can be generated by a linear function
formula in the form f(n) = dn + c.
c is the initial value of the sequence corresponding to n = 0, f(0) = c.
d is the common difference found by subtracting the previous term from a given term.
The sequence generated by this function (starting with n = 0) will have n + 1 terms.
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So in this case, our function formula is f(n) = –0.75n + 13. To find the number of terms in the
sequence, solve for n.
1 = –0.75n + 13
–12 = –0.75n
16 = n
This then tells us there are n + 1 = 17 terms in the sequence (remember the initial term is f(0) = 13).

(

)

The sum of the sequence 13, 12.25, 11, 10.75, … , 1 is 13+1 (17) = 199.
2

Lesson 2, Investigation 2, Connections Task 13 (p. 504)
n

∑ xi

a.

i.

i=1

n

n

∑ (xi –x)2

ii.

i=1

n

, where x is the mean of x1, x2, … , xn.

b–d. To be completed by the student.

Lesson 2, Investigation 2, Extensions Task 21 (p. 508)
a–d, f, g. To be completed by the student.
e. This solution uses the sum formula for an initial term t1 (not t0). There are n terms in the series (not
n + 1 terms). Let Sn = t1 + t2 + t3 + … + tn. Then, Sn = t1 + rt1 + r2t1 + … + rn – 1t1
= t1(1 + r + r2 + … + rn – 1)

( r–1 )

n
= t1 r –1 .

( r–1 ) or

If n is very large and 0 < r < 1, then rn gets very close to 0, and Sn becomes very close to t1 –1

t1
t1
1–r . Thus, Sn = 1–r is a formula for the sum of the terms in an infinite geometric sequence {tn}

when 0 < r < 1 and t1 is the initial term. In words, the sum of the terms in an infinite geometric
sequence is

initialterm
if the common ratio is between 0 and 1.
1–commonratio
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Lesson 2, Investigation 2, Review Task 26 (p. 511)
x2 + 8x + 10

a. The original expression
We need to find the number that will allow us to write the
original expression into the form (a + b)2 + c.

x2 + 8x + ___ +10

To find the ___ you need to take half of the coefficient on the

x2 + 8x + 16 + 10

linear term in this case 8 and square it. So, 1 • 8 = 4 and 42 = 16.
2

So, put 16 on the blank
But now we have changed the original expression by making it
larger so we need to subtract the 16 so the new expression is
equivalent to the original

x2 + 8x + 16 + 10 – 16

We can now write x2 + 8x + 16 as a square in the form (a + b)2.

(x + 4)2 + 10 – 16

Simplify.

(x + 4)2 – 6

See the Examples of Tasks from Unit 5, Lesson 2, Investigation 1, Applications Task 4 (page 358) as
an explanation why the above algorithm works.
b, c. To be completed by the student.

Lesson 2, Investigation 2, Review Task 27 (p. 511)
a, e. To be completed by the student.
b. Hint: Recall that the shape of a binomial distribution will be approximately normal if: The expected
number of successes is 10 or more and the expected number of failure is 10 or more. (See Problem 6
on page 263.)
c. Hint: Recall the standard deviation of a binomial distribution is σ = np(1– p) , where n is the
number of trials and p is the probability of success. (See Problem 7 on page 263.)
d. Hint: How many standard deviations away from the mean must you be for the event to be a rare
event? (See Problem 2 on page 267.)
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Lesson 2, Investigation 3, Applications Task 7 (p. 501)
a, b, d, e.

To be completed by the student.

c.

The 2nd differences are constant, so the function
formula is a quadratic function. Students might
use quadratic regression or solve a matrix
equation to find the function formula. One
matrix equation is

.

Solving gives Dn = 0.5n2 – 1.5n.

Lesson 3, Investigation 1, Applications Task 2 (p. 523)
Consider using the “Function Iteration” custom tool in CPMP-Tools on this and other iteration tasks.
(1) Be sure to choose Course 3 from the “Course” menu.

(2) Then under “Algebra” you will find the custom tool.
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(3) Once you are there, you can type in the function f(x) and your initial value.

(4) Then press the start button

.

Lesson 3, Investigation 2, Connections Task 10 (p. 525)
a. You could solve this equation three ways:
i. One method is to solve the equation algebraically.
ii. A second method is to graph the function corresponding to the two expressions on each side of
the equation, y = x – 3 and y = 0.5x, and find the x-coordinate of the intersection point.
iii. A third is to use tables of the corresponding functions to find the x value that gives the same
y value for the two functions.
b, d–f. To be completed by the student.
c. Use CPMP-Tools to check your answer.

Lesson 3, Investigation 2, Connections Task 11 (p. 526)
a. To find the fixed point, set f(x) = x and solve for x. In this case:
f(x) = rx + b, so set rx + b = x
b = x – rx
b = x(1 – r)
b =x
1–r

b, c. To be completed by the student.

Lesson 3, Investigation 2, Extensions Task 19 (p. 529)
a. To find a function to iterate, you need to solve the given equation for x so that it is in the form of
x = f(x). One way to do this is by factoring the left-hand side of the given equation and dividing by
2x + 5.
2x2 + 5x = 3
x(2x + 5) = 3
x =
Iterating f(x) =

3
2x+5

3
starting anywhere except x = –3 or x = –2.5 will go to the fixed point x = 0.5.
2x+5

b–e. To be completed by the student.
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